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1. Introduction

Positioning with GNSS (such as GPS, GLONASS and BDS, 
etc.) can be performed by either point positioning or relative 
positioning. Surveying with GNSS has conventionally been 
carried out in the differential positioning model, mainly due to 
the higher potential positioning accuracy compared to that of 
the standard point positioning (SPP). However, the point posi-
tioning technique is much easier and has lower operational 
cost than the relative positioning technique. This makes point 
positioning an attractive method for low-cost GNSS applica-
tions. To achieve the highest possible GNSS point positioning 
accuracy, dual-frequency carrier phase and pseudo-range 
measurements are utilized simultaneously, and precise sat-
ellite ephemeris and clock errors are provided. In addition, 
all the remaining un-modeled errors due to satellite antenna 

phase offsets, satellite orientation, tropospheric delay, and 
various site displacement effects such as Earth tide and ocean 
loading must be addressed. This approach is commonly known 
as precise point positioning (PPP). Recent studies show that 
PPP is free from the constraints of baseline lengths, and the 
accuracy of PPP is comparable to that of relative positioning, 
suggesting an efficient and cost-effective solution for highly 
precise kinematic positioning for land/marine/space platforms 
(e.g. Zhang and Andersen 2006, Geng et al 2010).

PPP technology can provide centimeter to decimeter, or 
even millimeter-level positioning accuracy under ‘clear sky’ 
conditions using a Kalman filter (KF), which is regarded as 
an optimal estimator (Kalman 1960, Gelb 1974). However, 
the optimality of the estimation is closely connected to the 
quality of the prior information about the process noise and 
the updated mesurement noise, which are sometimes difficult 
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to obtain (e.g. Yang et al 2001, Hide et al 2003, Ding et al 
2007, Almagbile et al 2010). In addition, topographic and 
biological obstacles tend to degrade PPP positioning perfor-
mance and can even cause failure of the PPP solution, par-
ticularly in urban and forest areas (Erik et al 2008, Ahmed et 
al 2012). Working in an obstacle environment the user will 
typically view only a few satellites that are high overhead. 
As satellites are clustered together, this results in poor GDOP 
(geometric dilution of precision), which has a large detri-
mental effect on the accuracy of PPP solution. Moreover, the 
view of the sky may change rapidly and frequently, especially 
when the target is moving with high maneuvering. This may 
cause inevitable data discontinuity due to cycle slips, data 
gaps and loss-of-lock, and consequently degrades the accu-
racy and continuity of the PPP solution (Zhang et al 2011). 
In order to enhance PPP performance, several schemes such 
as robust Kalman filtering and adaptive Kalman filtering have 
been proposed to resist observational errors and unexpected 
state turbulence (e.g. Guo and Zhang 2014). On the other 
hand, augmented algorithms that make use of the satellite- or 
ground-based information have been developed to bridge the 
observation discontinuities (Geng et al 2010, Li et al 2011). 
Although the effectiveness of these algorithms has been dem-
onstrated, the efficiency and cost are still problematic chal-
lenges for general users.

In the application of KF in kinematic PPP, it is often the 
case where some known functional or theoretical relations 
exist among the unknown state parameters, which can be 
made use of to improve the accuracy and reliability of the 
state estimates (Yang et al 2010). For example, the Doppler 
or derived Doppler observations can be used to strengthen the 
structure of the measurement space. The approximate trave-
ling direction or route is known and can be used to bind its 
trajectory. Moreover, the outputs from external sensors like 
speedometer, accelerometer and INS in general can be taken 
into account for the improvement of PPP performance. This 
paper aims at introducing the constrained Kalman filtering to 
enhance PPP performance. First, two filters with velocity con-
straints and trajectory constraints are designed for PPP, and 
then the kinematic PPP performances are compared with that 
of conventional Kalman filtering.

2. Constrained Kalman filtering

2.1. Basic model

The well-known Kalman filter (KF) is a powerful tool in the 
analysis of dynamic systems. The filter operates recursively on 
streams of noisy input data to produce a statistically optimal 
(minimum mean square error) estimate of the underlying 
system states, and has been extensively applied in the fields of 
engineering such as control theory, communication systems, 
satellite navigation and aerospace applications.

Considering a state sequence { = ⋯ }X k n, 0, 1, 2, ,k  and 
observations { = ⋯ }L k n, 0, 1, 2, ,k  whose time evolution and 
observation equations  are described by the following linear 
model (Kalman 1960, Gelb 1974):

⎧
⎨
⎩

= Φ + Γ
= +

+ +X X w
L H X v

k k k k k k

k k k k

1 1,
 (1)

where R∈Xk
n is state vector, R∈Lk

m is measurement vector, 
Φ +k k1,  is state transition matrix, Hk is observation (design) 
matrix and Γk is noise matrix. wk and vk are respectively 
the process noise and measurement noise vector, which are 
assumed to be uncorrelated Gaussian white noise with zero 
mean and covariance Qk and Rk:
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where [⋅]E  denotes expectation, and superscript ‘T’ represents 
matrix transpose.

Compared with the basic model of conventional KF as 
shown in equations (1) and (2), the constrained KF introduces  
some state constraints. The linearized constraints equations 
can be generally expressed as:

⋅ − =D X d 0k k k (3)

where Dk is a design matrix with rank rk (the number of con-
straints equation), dk is a constant vector composed of some 
fixed values.

2.2. Recursive estimator with constraints

In general, there are three approaches to dealing with the 
prior constraints in Kalman filtering. The first approach is to 
reduce the state parameters using the state constraints, and 
then perform a standard Kalman filtering without constraints. 
The second way is to transform the constraints as measure-
ment equations which strengthen the structure of the measure-
ment space directly. The third method is to solve a Lagrangian 
equation with the consideration of the state constraints, which 
project the state estimate onto the constraint surface (Simon 
2010). In fact, the above three approaches dealing with the 
state constraints are equivalent (Yang et al 2010). To easily 
understand the contribution of the state constraints on the state 
estimates and their corresponding covariance matrix of the fil-
tering, the third approach is employed to derive the recursive 
algorithm for the constrained Kalman filter.

The KF is a minimum mean-square error (MMSE) esti-
mator. Therefore, the criterion for constrained Kalman filtering 
is to minimize the following cost function:

⎧
⎨
⎩

( − ) =
⋅ =

′

′
X X L

D X d
E min2

 (4)

where ′X  denotes the estimates with constraints. The optimal 
solution can then be obtained by solving a Lagrangian 
equation.

For the sake of simplicity, the recursive equations of the 
constrained KF take the following general form (Liu et al 
2008):

ˆ = Φ ˆ− − −X Xk k k k k, 1 , 1 1 (5)
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ˆ = + ( − )′ ′− −X X K L H Xk k k k k K k k, 1 , 1 (10)

= ( − ) ( − ) +′ −P I K H P I K H K R Kk k k k k k k k k k, 1
T T (11)

Where ˆ −Xk k, 1 and −Pk k, 1 represent the predicted state vector 
and its covariance matrix without constraint, ′ −Xk k, 1 and ′ −Pk k, 1 
denote the corrected predicted state vector and its covariance 
matrix by constrained equations, X̂k and Pk are respectively 
the final estimated state and its covariance matrix, Kk is the 
filter gain matrix, which defines the updating weight between 
new measurements and predictions from the system dynamic 
model and I is an identity matrix.

It is easily observed that the recursive form of the con-
strained KF is consistent with the conventional KF. Only the 
predicted state vector and its covariance matrix are corrected 
by constrained equations. It should be noted that (5)–(11) show 
the general recursive algorithm. Actually, once the (robust) 
equivalent covariance and adaptive factor are adopted, the 
above model can be further extended to be the adaptive robust 
KF with constraints.

3. PPP model with constrained equations

3.1. State-space model

To be able to apply the KF for PPP, one should first construct 
a state-space model, which is represented by two equations: 
one describes the explicit relation between observations and 
unknowns (observation model), and the other one describes 
the evolution of the parameters (dynamic model). In this 
paper, the most popular ionosphere-free combinations of 
dual-frequency code and carrier phase observations are used 
to form the PPP observation model. For the sake of simplicity, 
the observation model is illustrated in the following equations:
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where PIF is the ionosphere-free combinations of P1 and P2 
pseudo-ranges, ΦIF is the ionosphere-free combinations of Φ1 

and Φ2 carrier phases (in units of distance), ρ is the true geom-
etry range, c is the speed of light in vacuum, dt is receiver clock 
error, dtrop is tropospheric delay, (⋅)d s

hd  and ( (⋅))dr hd  is the satel-
lite and receiver hardware bias, respectively, NIF is the integer 
phase ambiguity of the ionosphere-free phase combination, 
BIF is the initial phase of the satellite oscillator, (⋅)dmult  and 
ε are the combined multipath effect and measurement noise. 
To achieve an accurate and reliable solution from PPP, effects 
such as sagnac, tide errors, carrier phase wind-up and trans-
mitter antenna phase offset must be corrected using models. 
Interested readers can refer to, e.g. Zumberge et al (1997) and 
Kouba et al (2001) for a full parameterization discussion.

As to the dynamic model, the constant-acceleration (CA) 
model assuming an object moving with a fixed acceleration is 
employed for state transition. The following equations show 
the simplified dynamic model:
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(14)

where Xpos, Xvel and Xacc respectively refers to the state of posi-
tion, velocity and acceleration, Δt denotes sampling interval.

3.2. PPP with speed constraints

The pseudo-range and carrier phase are the two fundamental 
types of observables for GNSS. In fact, Doppler observations 
can be simultaneously produced by several GNSS receivers or 
derived from carrier phases. These original or derived Doppler 
observations are considered helpful for velocity determina-
tion. Furthermore, some prior state information from external 
sensors such as speedometer and accelerometers, which will 
not be affected by the real observing environment and sensi-
tive to the state disturbance, are available and hence valuable 
for enhancing the robustness of PPP.

As shown in the above sections, a critical issue for PPP 
solution with constrained KF lies in the design of constrained 
equations. Therefore, the basic methodology and algorithm 
of PPP with speed constraints are not repeated, only the 
constrained condition is given according to the following 
equations:

⋅ − =D X d 0state (15)

where

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥=D

0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0

 (16)

and

= [ ]d vel vel velx y z
T (17)

velx, vely and velz are the prior velocities of three different com-
ponents, which can be estimated from Doppler observations 
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or read directly from external sensors. Once the design matrix 
D and constant vector d are obtained, the states of the system 
at any time can be recursively estimated by (5)–(11).

3.3. PPP with trajectory constraints

For a moving object, there can be some underlying constraints 
which may be used to enhance PPP solution. For example, a 
car/ship/aircraft always moving along its route and its trajec-
tory should not deviate from the road/route itself. In this case, 
most of the road/route can be abstracted as a series of straight 
line equations (Zuo et al 2004, Chen et al 2012).

Let the road linear equation be defined as:

α= ⋅ +N E m (18)

where N and E represent the north and east components in a 
2D horizontal coordinate system, α and m denotes the azimuth 
and intercept of the road linear equation, respectively.

Considering the moving direction remains unchanged in a 
certain time interval, the following equations can be listed to 
constrain the vehicle’s trajectory:

⎧
⎨
⎩

α
α

= ⋅ +
= ⋅

S S m
V V

N E

N E
 (19)

where SN and SE are coordinates of the north and east compo-
nents, VN and VE are velocities of the north and east compo-
nents. In addition, expression (19) can be written as:

⋅ − =D X d 0state (20)

where

⎡
⎣⎢

⎤
⎦⎥

α
α

= −
−D 0 0 1 0 0 0 0 0

0 0 0 1 0 0 0 0 (21)

and

= [ ]d m 0 T (22)

Xstate is the estimated states in a Topocentric-horizon coordi-
nate system. Similarly, given the constraint matrix D and con-
stant vector d, we can easily calculate the unknowns according 
to (5)–(11).

4. Experimental results and analysis

In this section, PPP solutions in simulated and real kinematic 
scenes are provided to illustrate the performance of con-
strained KF algorithm. Static state can be regarded as a special 
case of kinematic state with exactly known and fixed prior 
information, such as speed, acceleration, direction angle, etc. 
Therefore, simulated kinematic PPP using static observations 
is the most direct and effective validation of the constrained 
KF. Also, a car-borne kinematic PPP experiment was carried 
out to test its effectiveness in a real world situation with high 
dynamics and complex motion. Products such as precise sat-
ellite orbit, clock error, and differential code bias required for 
PPP were provided by the community of international GNSS 
service.

4.1. PPP solutions with speed constraints

4.1.1. Case 1: simulated kinematic PPP. To validate the 
contribution of speed constraints to kinematic PPP, a set of 
static GPS observation recorded on November 20, 2008 (UTC 
00:30–08:30, 1 s sampling interval), in Wuhan district were 
used for epoch-wise PPP solution. The number of visible 
satellite vehicles (SV) and geometric dilution of position-
ing (GDOP) during the observed time are plotted in figure 1. 
Experimental studies were performed with the following two 
filtering schemes:

Scheme 1: Conventional Kalman filtering (KF) without 
speed constraints.

Scheme 2: Constrained Kalman filtering (CKF) with speed 
constraints (set vehicle velocity and acceleration to zero).

The corresponding positioning results were obtained, and 
the differences with respect to the known coordinates are pre-
sented in figure 2.

It can be observed that both schemes reach a few deci-
meters or even centimeter positioning accuracy after a 
short convergence. However, large variations up to one 
meter can be observed during the periods 05:23–06:46 UT 
(3.65–3.7   ×   105 GPS seconds) when the conventional KF 
was adopted for epoch-wise PPP solution. This is reasonable 

Figure 1. The number of visible satellites (SV) and geometric dilution of positioning (GDOP) at a static site located in Wuhan district.
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taking into account that the available satellites decrease 
and the GDOP increases dramatically during this period as 
shown in figure 1. Once the constrained KF is applied, we 
can get smoothly running and precise coordinate solutions 
even under the presence of extremely poor observation condi-
tion. Due to the prior speed constrained information, it sig-
nificantly improves the positioning accuracy and reliability 
of kinematic PPP.

4.1.2. Case 2: car-borne kinematic PPP. Further validation 
was performed for real kinematic data. A typical example 
using a set of car-borne GPS data generated at 1 s intervals 
for 1.5 h (UT 02:00–03:30) is presented and analyzed in this 
section. The car drove repeatedly around a ring road, and the 
SV and GDOP are shown in figure 3.

The following three schemes were designed for kinematic 
PPP solution:

Scheme 1: conventional KF without constraints; and the 
states of position, velocity and acceleration are modeled as 
white noises (KF + WN).

Scheme 2: conventional KF without constraints; and a con-
stant acceleration (CA) process is used for the dynamic model 
(KF + CA).

Scheme 3: constrained KF using prior speed information 
from Doppler observations; and a constant acceleration (CA) 
process is used for the dynamic model (CKF + CA).

The positioning results obtained from the above three PPP 
filters are compared in figure 4, in which the upper three plots 
show the estimated vehicle trajectory and the lower three plots 
show the uncertainties of the position. The horizontal and ver-
tical axes of the upper three plots represent the east and north 
components (in units of meters), respectively. For the lower 
three plots, the horizontal axes represent observing time (UT: 
hour/minute), while the vertical axes denote the standard error 
of position estimates in a 3D topocentric coordinate system 
(in units of meters).

As illustrated in figure  3, the number of available satel-
lites decreases to 2–4 and its corresponding GDOP increases 
over 10 several times. The reason for this may be attributed 
to signals being blocked by viaducts or high-rise buildings 
in the city. During these periods, the positioning accuracy 
as shown in figure 4 decreases dramatically, particularly for 
the first scheme which suffers from insufficient observations. 
Consequently, the vehicle trajectory wanders significantly 
from the path, or even fails to be located. Compared with 
the first scheme, a more precise dynamic model is provided 

Figure 2. Error series of the estimated coordinates in the east (E), north (N) and up (U) components. The upper one shows the results of 
scheme 1 (KF), and the lower one shows the results of scheme 2 (CKF).
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in scheme 2, and the estimated state can be transmitted by 
a constant acceleration model, even in the case of an insuf-
ficient number of satellites. Obviously, the positioning results 
of scheme 2 are improved to some extent. But path devia-
tions can still be observed from its trajectory. Once an explicit 
dynamic model and speed constraints are applied in scheme 
3, the filter significantly enhances the kinematic PPP perfor-
mance. The vehicle trajectory is much smoother than with the 
other two schemes, and the uncertainty of position estimates 
is significantly reduced. This is reasonable when we acknowl-
edge the fact that the constraints strongly bound the errors of 
the state estimates, and the filter gain is sensitive to the cer-
tainty of the measurements and current state estimates. With a 
high gain, the filter places more weight on the measurements, 
while the filter follows the predictions of the dynamic model 
more closely with a low gain. At the extremely poor observa-
tion conditions (a near-zero gain), the contribution of meas-
urements is reduced or even ignored, while the state estimates 
are taken full advantage of to keep relatively accurate predic-
tions for a short time.

4.2. PPP solutions with trajectory constraints

4.2.1. Case 1: simulated kinematic PPP. Likewise, the same 
static GPS data was used to verify the performance of kine-
matic PPP with trajectory constraints. For a static vehicle, it can 
be regarded as a moving object with fixed direction. Assuming 
the direction cosines of the static GPS receiver antenna are 
α β γ( ), , , the following four schemes were performed:

Scheme 1: epoch-wise PPP solution using conventional 
KF.

Scheme 2: epoch-wise PPP solution using constrained KF 
with fixed α.

Scheme 3: epoch-wise PPP solution using constrained KF 
with fixed β.

Scheme 4: epoch-wise PPP solution using constrained KF 
with fixed γ.

Figures 5 and 6 show the positioning errors and trajecto-
ries of the four different schemes. As can be seen in figure 5, 
the positioning accuracy of the constrained KF with trajec-
tory constraints (scheme 2–4) are obviously superior to that 
of conventional KF, because the moving directions are bound 
to fixed values. The reason for the poor performances in the 
first scheme was explained in section 4.1 and hence will not 
be discussed.

As shown in figure 6, a discrete and dispersed distribution 
of the tracking points can be observed in scheme 1, while the 
other three schemes show regular and centralized trajectories, 
distributed in approximately straight lines. To some extent, 
the slope of the straight line reflects the differences in preci-
sion between the east–west (EW) and the north–south (NS) 
directions. For example, the trajectory of scheme 2 runs a near 
north–south line (with a steep slope close to  ±1), which means 
the precision of the EW is superior to that of NS. However, the 
trajectory of scheme 4 shows a near north–south line (with a 
slope close to 0), which means the precision of the NS is much 
better than that of EW. In particular, when the tracking route 
is approximate an east–south line (with a slope close to  ±0.5) 
as shown in scheme 3, the precision of the EW is comparable 
to that of NS.

4.2.2. Case 2: car-borne kinematic PPP. Similarly, experi-
mental studies were carried out in real dynamic scenes, and 
the same car-borne GPS data as described in section 4.1 was 
used to verify the performance of kinematic PPP with trajec-
tory constraints. As shown in figure 4, the ring road can be 
abstracted as piecewise straight line equations. For conve-
nience, only a north–south orientation segment was selected 
to be shown. Kinematic PPP tests were performed according 
to the following two schemes:

Figure 4. Estimated positions and their precisions (1 sigma) with three different schemes. The upper plots show the horizontal trajectory of 
the vehicle, and the lower ones show the standard deviations of positioning estimates.
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Scheme 1: conventional KF without any constraint.
Scheme 2: constrained KF with a straight line equation.
The positioning estimates and their precisions are shown 

in figure  7. The horizontal and vertical axes of the upper 
two plots represent the east and north components (in units 
of meters), respectively. In addition, figure 8 shows the esti-
mated velocities of the vehicle using the above two schemes. 

Due to the extremely poor observation conditions as shown 
in figure 3, the positioning accuracy of scheme 1 is seriously 
affected by the sudden reduction of satellites and sharply 
increased GDOPs. In contrast to the first scheme, a much more 
continuous and smoother trajectory is obtained, once the con-
strained KF is applied for kinematic PPP solution (scheme 2).  
Furthermore, significant improvements can be observed from 

Figure 5. Positoning performances of the four different schemes. The horizontal axes represent GPS time, and the vertical axes represent 
positioning errors in the east (E), north (N) and up (U) components.
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Figure 6. Estimated tracking plots for the four different schemes. The elliptic markings on the graphs show the epoch-wise PPP solution 
after a short period of convergence.
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Figure 7. Estimated trajectories and their precisions (1 sigma) with two different schemes. The upper plots show the horizontal tracking 
points, and the lower ones show the standard deviations of positioning estimates.
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the velocity curves, especially in the vertical direction. The 
reason for these improvements is obvious, and hence will not 
be discussed.

It should be noted that the states of a vehicle are inevi-
tably affected by various factors. Sometimes, the tracking 
plots are not completely consistent with the given constraints. 
This presents a big challenge for the constraint modeling. In 
addition, constraint equations should be frequently changed to 
adapt to the actual situation, and hence it is bound to affect the 
computational complexity and efficiency. Nevertheless, filters 
with additional constrained information greatly enhance the 
kinematic PPP solution under extremely poor observation 
conditions.

5. Conclusions

Considering some internal or external auxiliary informa-
tion may be helpful for kinematic positioning, the algorithm  
of constrained Kalman filtering is applied to enhance the  
performance of kinematic PPP. We first derive the basic meth-
odology and algorithm of constrained Kalman filtering. Then 
two models of PPP with speed and trajectory constraints, 
respectively, are proposed. Tests carried out in a variety of 
situations, including simulated kinematic PPP and car-borne 
kinematic PPP have been performed for validation. Numerical 
results show that the positioning performances of constrained 
Kalman filter are superior to those of conventional Kalman 
filter, particularly under extremely poor observation condi-
tions. However, it is worth mentioning that the effectiveness 
of the constrained Kalman filtering depend on the accuracy 
of the constraint equations. If the given constraint equa-
tions and their covariance are inappropriate, the filter may fail 
to improve the accuracy and reliability of kinematic PPP, or 
even cause a failure of convergence. In addition to equality 
constraints, inequality constraint equations can also be used 
to enhance the kinematic PPP solution, which needs further 
study.
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